We discuss the nature of the finite-temperature transition in QCD with N f massless flavors. Universality arguments show that a continuous (second-order) transition must be related to a three-dimensional universality class characterized by a complex N f × N f matrix order parameter and by the symmetry-breaking pattern
Introduction
The thermodynamics of quarks and gluons described by QCD is characterized by a transition from a low-temperature hadronic phase, in which chiral symmetry is broken, to a high-temperature phase with deconfined quarks and gluons (quark-gluon plasma), in which chiral symmetry is restored. The main features of this transition depend crucially on the QCD parameters, such as the number N f of flavors and the quark masses. In the light-quark regime the nature of the finite-temperature transition is essentially related to the restoring of the chiral symmetry [1, 2, 3, 4] . For recent reviews see, e.g., Refs. [5, 6, 7, 8] .
In the vanishing quark-mass limit, the QCD Lagrangian is invariant under U(N f ) L and U(N f ) R transformations involving the left-and right-handed quark flavors. Since U(N) L,R ∼ = U(1) L,R ⊗ SU(N) L,R and the group U(1) L ⊗ U(1) R is isomorphic to the group U(1) V ⊗ U(1) A of vector and axial U(1) transformations, the classical symmetry group of the theory can be written as U(1) V ⊗ U(1) A ⊗ SU(N f ) L ⊗ SU(N f ) R . The vector subgroup U(1) V corresponds to the quark-number conservation, and it is not expected to play any role in the transition. The axial subgroup U(1) A is broken by the anomaly at the quantum level, reducing the relevant symmetry to [1] Z(N f ) A ⊗ SU(N f ) L ⊗ SU(N f ) R . At T = 0 the symmetry is spontaneously broken to SU(N f ) V with N 2 f − 1 Goldstone particles (pions and kaons) with a nonzero quark condensate ψ ψ . With increasing T , a phase transition characterized by the restoring of the chiral symmetry is expected at T c ; above T c the quark condensate vanishes. The symmetry-breaking pattern at the transition is expected to be
with order parameter given by the expectation value of the quark bilinear Ψ ij ≡ ψ L,i ψ R,j . In this picture the quark masses act as an external field H ij coupled to the order parameter. Note that, if the U(1) A symmetry is effectively restored at T c , the relevant symmetry-breaking pattern would be
The effects of the anomaly tend to be suppressed in the large-N c limit, where N c is the number of colors. The symmetry-breaking pattern (1.2) should be recovered in the limit of an infinite number of colors.
In the case of a continuous transition, thermodynamic quantities are analytic functions of T as long as the external field coupled to the order parameter is nonvanishing. Therefore, if the chiral-symmetry restoring transition is continuous in the vanishing quark-mass limit, an analytic crossover is expected for nonvanishing quark masses (actually for not too large values because in the heavy-quark limit the transition is first order [9] ). On the other hand, if the phase transition is of first order in the chiral limit, it persists also for nonvanishing masses, up to a critical surface in the quark-mass phase diagram where the transition becomes continuous and is expected to be Ising-like [4] . Outside this surface, i.e. for larger quark masses, the phase transition disappears and we have an analytic crossover.
The nature of the finite-temperature transition in QCD with N f light flavors has been much investigated, exploiting various approaches, including numerical simulations of lattice QCD. Our understanding is still essentially based on the universality arguments reported by Pisarski and Wilczek in Ref. [1] . Their main points can be summarized as follows:
(i) Let us first assume that the phase transition at T c is continuous (second order) for vanishing quark masses. In this case the critical behavior should be described by an effective three-dimensional (3-d) theory. Indeed, the length scale of the critical modes diverges approaching T c , becoming eventually much larger than 1/T c that is the size of the euclidean "temporal" dimension at T c . Therefore, the asymptotic critical behavior must be associated with a 3-d universality class characterized by a complex N f × N f matrix order parameter, corresponding to the bilinear Ψ ij =ψ L,i ψ R,j , and by the symmetry-breaking pattern (1.1), or (1.2) if the U(1) A symmetry is effectively restored at T c .
(ii) According to renormalization-group (RG) theory, the existence of such universality classes can be investigated by considering the most general Landau-Ginzburg-Wilson (LGW) Φ 4 theory for a complex N f ×N f matrix field Φ ij with the desired symmetry and symmetry-breaking pattern. The LGW Lagrangian for the symmetry-breaking pattern (1.2) is given by
The chiral anomaly reduces the symmetry to (1.1) and thus new terms must be added. The most relevant one is proportional to detΦ † + detΦ , which is a polynomial of order N f in the field Φ. Thus, for N f ≥ 5 such a term, and therefore the U(1) A -symmetry breaking, is irrelevant at the transition. Instead, for N f = 3 and N f = 4 the new term must be added to the Lagrangian (1.3), obtaining
For N f ≤ 2 additional terms depending on the determinant of Φ should be added, in order to include all terms with at most four fields compatible with the symmetry. Nonvanishing quark masses can be accounted for by adding an external-field term H ij , such as Tr (HΦ + h.c.) .
(1.5) (iii) The critical behavior at a continuous transition is described by the stable fixed point (FP) of the theory, which determines the universality class. The absence of a stable FP indicates that the phase transition is not continuous. Therefore, a necessary condition of consistency with the initial hypothesis that the transition is continuous, cf. (i), is the existence of stable FP's in the theories described by the Lagrangians (1.3) and (1.4).
(iv) In the one-flavor case, N f = 1, the Lagrangian L U (N f ) is equivalent to the O(2)-symmetric real Φ 4 Lagrangian, which has a stable FP describing the XY universality class. For N f = 1 the determinant term in the Lagrangian L SU (N f ) is equivalent to an external field coupled to the order parameter, which smooths out the singularity of the continuous transition.
In the two-flavor case, N f = 2, the symmetry-breaking pattern (1.1) is equivalent to O(4) → O(3), which is the symmetry-breaking pattern of the standard O(4)-symmetric theory for a four-dimensional vector field. As is well known, such a theory has a stable FP, corresponding to the O(4) universality class.
Thus, for N f = 2, there exists a three-dimensional universality class with the desired symmetry-breaking pattern. This fact tells us that, if the phase transition is continuous, it belongs to the O(4) universality class, i.e. it has the same critical exponents, scaling functions, critical equation of state, etc.... However, these arguments do not exclude that the transition is a first-order one.
(v) The problem is more complex in the other cases, i.e. N f ≥ 3 for the symmetry breaking (1.1) and N f ≥ 2 for the symmetry breaking (1.2) . In order to investigate the RG flow of the Lagrangians (1.3) and (1.4), Pisarski and Wilczek [1] performed a first-order perturbative calculation within the ǫ-expansion framework, i.e. an expansion in powers of ǫ ≡ 4 − d. Within this approximation, they did not find stable FP's. Then, extending this result to three dimensions, i.e. to ǫ = 1, they argued that the finite-temperature transition in QCD is always a first-order one, with the only possible exception of N f = 2.
The ǫ expansion provides useful indications for the behavior of the RG flow in three dimensions. But the validity of the extrapolation to ǫ = 1 of the results obtained near four dimensions is not guaranteed, not even at a qualitative level, especially if they are obtained from low-order computations. The location and the stability of the FP's may drastically change approaching d = 3, and new FP's, not present for d ≈ 4, may appear in three dimensions. In several physically interesting cases low-order (and in some cases also high-order) ǫ-expansion calculations fail to provide the correct physical picture. We mention the 3-d O(N)⊕O(M) invariant Φ 4 theory describing the multicritical behavior arising from the competition of distinct order parameters [10, 11] , 1 the 3-d O(N)⊗O(M) Φ 4 theory describing the critical behavior of frustrated spin models with noncollinear order [12, 13] , 2 and the Ginzburg-Landau model of superconductors, in which a complex scalar field couples to a gauge field [14, 15] . For example, in the latter case one-loop ǫ-expansion calculations [14] indicate that no stable FP exists unless the number N of real components of the scalar field is larger than N c = 365. This number is much larger than the physical value N = 2. Consequently, a first-order transition was always expected [14] . Later, exploiting three-dimensional theoretical approaches (see, e.g., Ref. [15] ) and Monte Carlo simulations (see, e.g., Ref. [16] ), it was realized that three-dimensional systems described by the Ginzburg-Landau model can also undergo a continuous transition-this implies the presence of a stable FP in the 3-d Ginzburg-Landau theory-in agreement with experiments [17] . Therefore, a three-dimensional analysis, not relying on extrapolations from ǫ ≪ 1 to ǫ = 1, is called for in order to check the picture reported at point (v) above.
In this paper we return to point (v), i.e. to the issue concerning the existence of three-dimensional universality classes with the symmetry-breaking pattern of QCD, and therefore the existence of stable FP's in the theories defined by the Lagrangians (1.3) and (1.4) . In order to obtain a reliable picture of the RG flow, we perform a calculation in a perturbative framework in which the dimension d is fixed to the physical value, i.e. d = 3, and the expansion is performed in powers of appropriate renormalized quartic couplings. We compute the corresponding Callan-Symanzik βfunctions to six loops. Moreover, we study the general properties of the expansions: we determine the region in which they are Borel summable and compute their largeorder behavior to further constrain the analysis. This allows us to reconstruct the 3-d RG flow, and in particular to check the existence of FP's, with a quite high confidence. We show that no stable FP exists in all cases considered at point (v) above, i.e. N f ≥ 3 for the symmetry breaking (1.1) and N f ≥ 2 for the symmetry breaking (1.2). Therefore, we fully confirm the conclusions of Ref. [1] . Concerning QCD, these results indicate that the finite-temperature phase transition is of first order for N f ≥ 3. A continuous transition is allowed only for N f = 2. But, since no stable FP is associated with the symmetry breaking U(2) L ⊗ U(2) R → U(2) V , the transition can be continuous only if the effective breaking of the U(1) A symmetry is sufficiently large. Otherwise, it is first order. For a specific effective breaking of the U(1) A symmetry, we may also have a mean-field critical behavior with logarithmic corrections, which is associated with the tricritical point that separates the first-order and the second-order transition lines in the T − g plane, where g parametrizes the effective breaking of the U(1) A symmetry.
Direct information on the QCD phase transitions has been provided by numerical Monte Carlo studies within the lattice formulation of QCD, see, e.g., the recent review [8] . The Monte Carlo results obtained so far are consistent with and substantially support the above-reported three-dimensional RG results. In the case of three-flavor QCD the evidence that the transition is first order is rather clear, see, e.g., Refs. [18, 19, 20, 21, 22] . Moreover, it has been verified that the first-order transition persists for nonvanishing quark masses up to Ising-like endpoints [18] . In the twoflavor case recent lattice simulations have provided a rather convincing evidence of a continuous transition at T c ≈ 172 MeV, see, e.g., Refs. [23, 24, 25, 26, 27] , whose scaling properties are substantially consistent with those predicted by the 3-d O(4) universality. However, a conclusive evidence in favor of an O(4) scaling behavior in the continuum limit has not been achieved yet. Apparently, a mean-field critical behavior has not been ruled out yet.
The paper is organized as follows. In Sec. 2 we present the general threedimensional perturbative framework. In Sec. 3 we report our calculations for a theory with symmetry U(N) L ⊗ U(N) R , i.e. for the Lagrangian (1.3). 3 The analysis of the perturbative expansions, using also information on their large-order behavior, shows no evidence of stable FP's, for any N. In Sec. 4 we consider the more general Lagrangian (1.4), which is symmetric under the smaller group Z(N) A ⊗ SU(N) L ⊗ SU(N) R . We present a six-loop analysis for N = 4, which is the only case for which no convincing arguments exist in favor or against the existence of a stable FP. Again, our analysis does not find evidence of a stable FP. Finally, in the Appendix we discuss in detail the phase diagram of the general Φ 4 model realizing the symmetry-breaking pattern (1.1) for N = 2 with a complex 2 × 2 matrix order parameter, which is relevant for the finite-temperature transition in two-flavor QCD.
Perturbative expansion in Landau
In the RG approach to critical phenomena, many phase transitions can be investigated by considering effective LGW theories, containing up to fourth-order powers of the field components. The general LGW Lagrangian for an N-component field φ i can be written as
where the number of independent parameters r i and u ijkl depends on the symmetry group of the theory. An interesting class of models are those in which i φ 2 i is the only quadratic invariant polynomial. In this case, all r i are equal, r i = r, and u ijkl satisfies the trace condition [28] i u iikl ∝ δ kl .
(2.2)
In these models, criticality is driven by tuning the single parameter r. Therefore, they describe critical phenomena characterized by one (parity-symmetric) relevant parameter, which often corresponds to the temperature. Of course, there is also (at least one) parity-odd relevant parameter that corresponds to a term i h i φ i that can be added to the Hamiltonian (2.1). For symmetry reasons, criticality occurs for h i → 0. The simplest example of this class of models is the O(N)-symmetric Φ 4 theory, which has only one quartic parameter u:
This model describes several interesting universality classes: the Ising one for N = 1 (e.g., liquid-vapor transition, transitions in uniaxial magnetic systems, etc...), the XY one for N = 2 (e.g., superfluid transition in 4 He, transitions in magnets with easy-plane anisotropy, etc...), the Heisenberg one for N = 3 (e.g., Curie transition in isotropic magnets); for N → 0 it describes the behavior of dilute homopolymers for large degree of polymerization. See, e.g., Refs. [29, 30] for recent reviews. But there are also other physically interesting transitions that are characterized by more complex symmetries: for instance, the magnetic transitions in randomly dilute magnetic systems, in stacked triangular antiferromagnets, in Mott insulators, and several structural phase transitions. See, e.g., Refs. [31, 30, 47, 48] for reviews. In this case, the corresponding LGW Lagrangian contains two or more quartic couplings, but still only one quadratic invariant. More general LGW Lagrangians, that allow for the presence of independent quadratic parameters r i , have been considered to study the multicritical behavior that arises from the competition of distinct types of ordering, see, e.g., Refs. [10, 11] .
In the field-theory (FT) approach the RG flow is determined by a set of RG equations for the correlation functions of the order parameter. In the case of a continuous transition, the critical behavior is determined by the stable FP of the theory, which characterizes a universality class. The absence of a stable FP is usually considered as an indication that the phase transition is of first order, even in those cases in which the mean-field approximation predicts a continuous transition. But, even in the presence of a stable FP, a first-order transition may still occur for systems that are outside its attraction domain.
The RG flow can be studied by perturbative methods, for example by performing an expansion in powers of ǫ ≡ 4 − d or a fixed-dimension (FD) expansion in powers of appropriate zero-momentum renormalized quartic couplings. The ǫ expansion, which was introduced by Wilson and Fisher [32] , is based on the observation that, for d = 4, the theory is essentially Gaussian. One considers the standard perturbative expansion, and then transforms it into an expansion in powers of ǫ ≡ 4 − d. Subsequently, Parisi [33] pointed out the possibility of using perturbation theory directly at the physical dimensions d = 3 and d = 2 in the massive (high-temperature) phase. In the following we will follow the latter approach.
The fixed-dimension expansion
Let us consider the generic Φ 4 Lagrangian (2.1) for an N-component real field φ i , with a single parameter r, i.e. r i = r for all r, so that the quartic terms satisfy the trace condition (2.2). In the framework of the FD expansion one works directly in the dimension of interest, d = 3 or d = 2. In this case the theory is superrenormalizable, since the number of primitively divergent diagrams is finite. One may regularize the corresponding integrals by keeping d arbitrary and performing an expansion in ε = 3 − d or ε = 2 − d. Poles in ε appear in divergent diagrams. Such divergences are related to the necessity of performing an infinite renormalization of the parameter r appearing in the bare Lagrangian, see, e.g., the discussion in Ref. [34] . This problem can be avoided by replacing r with the mass m defined by
where the function Γ (2) (p 2 ) is related to the one-particle irreducible two-point function by Γ
Perturbation theory in terms of m and u ijkl is finite. The critical limit is obtained for m → 0. To handle it, one considers appropriate RG functions. Specifically, one defines the renormalized four-point couplings g ijkl and the field-renormalization
where Γ (n) a 1 ,...,an are n-point one-particle irreducible correlation functions. Eqs. (2.6) and (2.7) relate the mass m and the renormalized quartic couplings g ijkl to the corresponding bare Lagrangian parameters r and u ijkl . In addition, one introduces the function Z t that is defined by the relation Γ
2) is the one-particle irreducible two-point function with an insertion of 1 2 i φ 2 i . The common zeroes of the Callan-Symanzik β-functions
provide the FP's of the theory. In the case of a continuous transition, when m → 0, the couplings g ijkl are driven towards an infrared-stable FP. The stability properties of the FP's are controlled by the eigenvalues ω i of the matrix
computed at the given FP: a FP is stable if all eigenvalues ω i have positive real part. The critical exponents are then obtained by evaluating the RG functions
From the perturbative expansion of the correlation functions Γ (2) , Γ (4) , and Γ (1, 2) and using the above-reported relations, one can derive the expansion of the RG functions β ijkl , η φ , and η t in powers of g ijkl .
Resummation of the series
FT perturbative expansions are divergent. Thus, in order to obtain accurate results, an appropriate resummation is required. In the case of the O(N)-symmetric models, accurate results have been obtained from the analysis of the available FD six-loop series [35] by exploiting Borel summability (proved in dimension d < 4 [36] ) and the knowledge of the large-order behavior of the expansion, see, e.g., Refs. [37, 38] . If we consider a quantity S(g) that has a perturbative expansion 4
the large-order behavior of the coefficients is generally given by
Borel summability of the series for g > 0 requires a > 0. The value of the constant a is independent of the particular quantity considered, unlike the constant b. They can be determined by means of a steepest-descent calculation in which the saddle point is a finite-energy solution (instanton) of the classical field equations with negative coupling [39, 40] , see also Refs. [29, 41] . 5 In three dimensions and for any N, a = 0.00881962..., see, e.g., Ref. [29] . In order to resum the perturbative series, one may introduce the Borel-Leroy transform B(t) of S(g),
where c is an arbitrary number. Its expansion is given by
The constant a that characterizes the large-order behavior of the original series is related to the singularity t s of the Borel transform B(t) that is nearest to the origin: 
Here the coupling g is normalized according to Eq. (2.7) with g ijkl = 1 3 (δ ij δ kl + δ ik δ jl + δ il δ jk ) g. 5 More precisely, the saddle-point f s (x) is a solution of the equation ∆f s = f s − f 3 s . One can show that a is related to its classical action,
s [29] .
that allows to rewrite B(t) in the form
If all the singularities of B(t) belong to the real interval [−∞, −t c ], the expansion (2.16) converges everywhere in the complex t-plane except on the negative axis for t < −t c . After these transformations, one obtains a new expansion for the function S(g):
This sequence of operations has transformed the original divergent series into an integral of a convergent one, which can then be studied numerically. However, the convergence of the integral (2.17), that is controlled by the analytic properties of S(g), is not guaranteed. Indeed, since generic RG quantities have a cut for g ≥ g * [33, 42, 43] , where g * is the FP, the integral does not converge for g > g * . The method can be extended to the case of more general LGW theories, with several quartic couplings, see, e.g., Refs. [44, 30] . In the case of k independent quartic Lagrangian terms, a generic quantity S depends on k renormalized couplings. Its expansion can be written as S(g 1 , ..., g k ) = j 1 ,...,j k c j 1 ,...,j k g j 1 1 ...g j k k = n s n g n ,
where
The large-order behavior of the coefficients s n , and therefore the singularities of the Borel transform, depends on the ratiosĝ i , but it can be still determined by steepestdescent calculations. Borel summability requires that the Borel trasform does not have singularities on the positive real axis. Under the assumption that the group and the space structure of the relevant saddle points are decoupled, 6 it is possible to show that the region where Borel summability holds is directly related to the region of stability of the Lagrangian potential with respect to the bare quartic couplings: with the normalizations implicit in Eq. (2.7), it is enough to replace the bare quartic couplings with their renormalized counterparts. For instance, in O(N)-symmetric models the potential is stable only for u > 0 and therefore the expansion is Borel summable only for g > 0. Once the large-order behavior of the coefficients s n has been determined, i.e.
one may use a conformal-mapping method based on Eq. (2.15) to resum the series in g, as in the O(N)-symmetric case. Again, A(ĝ 1 , ...,ĝ k ) does not depend on the quantity at hand. Alternatively, one may use the Padé-Borel method, employing Padé approximants to analytically extend the Borel transform.
The symmetry-breaking pattern
The most general Φ 4 Lagrangian that is symmetric under U(N) L ⊗ U(N) R transformations is given by
where the fundamental field Φ ij is a complex N × N matrix. There is only one quadratic invariant and therefore the trace condition (2.2) is satisfied by the quartic terms. The condition v 0 > 0 is necessary to realize the symmetry breaking
Indeed, for r < 0 and v 0 > 0 the minimum of the quartic potential, which has the form Φ ij = φ 0 δ ij , is symmetric under U(N) transformations, thus leading to the desired symmetry-breaking pattern. For v 0 < 0 the minimum of the potential is obtained for Φ ij = φ 0 δ ia δ ja , where a is an arbitrary integer, 1 ≤ a ≤ N. As one can easily check, this leads to a different symmetry-breaking pattern. Note that for N = 1 the two quartic terms are equal, and the Lagrangian L U (N ) becomes equivalent to the standard U(1)-symmetric Φ 4 Lagrangian for a complex field with coupling u 0 + v 0 , which in turn is directly related to the O(2)-symmetric real Φ 4 Lagrangian. As explained in Sec. 2.2, the theory is renormalized by introducing a set of zero-momentum conditions for the one-particle irreducible two-point and four-point correlation functions:
where Γ is the generator of the one-particle irreducible correlation functions (effective action), and
The FP's of the theory are given by the common zeroes of the Callan-Symanzik β-functions
Their stability is controlled by the eigenvalues of the matrix
A FP is stable if all the eigenvalues of its stability matrix have positive real part. According to RG theory, a stable FP in the region v > 0 would imply the existence of a universality class describing continuous transitions characterized by the symmetry breaking (3.2). Therefore, in order to establish the existence of a 3-d universality class with symmetry-breaking pattern (3.2) and a complex N × N matrix order parameter, one must search for stable zeroes of the β-functions.
One can easily identify two FP's in the theory described by the Lagrangian L U (N ) , without performing any calculation. The first one is the Gaussian FP for u = v = 0, which is always unstable. Since for v 0 = 0 the Lagrangian L U 
Fixed-dimension expansion in three dimensions
In order to investigate the existence of new FP's, we computed the FD expansion of the 3-d Callan-Symanzik β-functions (3.5) to six loops. This is rather cumbersome, since approximately one thousand Feynman diagrams must be evaluated. We employed a symbolic manipulation program, which generated the diagrams and computed the symmetry and group factors of each of them. We used the numerical results compiled in Ref. [49] for the integrals associated with each diagram.
We report the series in terms of the rescaled couplingsū andv,
(3.7)
The six-loop expansions of the β-functions corresponding to these rescaled variables are given by
The coefficients b u ij and b v ij , with 4 ≤ i + j ≤ 7, are reported in the Tables 1 and 2 , respectively. Actually, we also computed the RG functions η φ and η t , cf. Eq. (2.10), to six loops. But, since we will not use them, we do not report their series. Of course, they are available on request.
We have done a number of checks by using known results available in the literature. Forv = 0, the expansion of βū in powers ofū reproduces that of the β-function of the O(2N 2 )-symmetric model that can be found in Refs. [49, 45] to six loops. Since we computed the series for generic U(N) L ⊗ U(M) R models, we also verified nontrivial relations holding for M = 1 and any N, such as In order to resum the perturbative expansions, we use the conformal-mapping method described in Sec. 2.3. For this purpose we compute the function A defined in Eq. (2.20) by studying the saddle-point solutions (instantons) of the classical field equations. Under the assumption that the group and space structure of the saddlepoint solutions decouple, the computation can be easily reduced to the case of the one-component Φ 4 theory described in detail in, e.g., Refs. [29, 41] . Here we only report the results, without giving the details of the calculations which are rather standard. Consider a generic quantity S(ū,v) = ij c ijū ivj and the corresponding expansion S(gū, gv) = n s n (ū,v)g n .
(3.11)
The large-order behavior is given by
where a ≈ 0.00881962. The expansion is Borel summable in the region u +v N ≥ 0,ū +v ≥ 0, (3.15) which, as already mentioned in Sec. 2.3, is related to the stability region of the quartic potential in the Lagrangian L U (N ) , which is given by
Analysis of the series and results
The knowledge of the large-order behavior of the series allows us to employ the conformal-mapping resummation method. As already mentioned in Sec. 2.3, this is essentially an extension of the method already applied in Refs. [37, 38] results are least dependent on the number p of terms. Usually one considers values in the region 0 ≤ b 15 and −1 ≤ α 5. The dependence of the results with respect to variations of b and α around their optimal values provides indications of the uncertainty.
We have applied the conformal-mapping resummation method to the six-loop series of the β-functions, and then determined their zeroes. The zeroes of the βū and βv are shown in Fig. 1 for the cases N = 2, 3, 4, 6. In particular, βv(ū,v) turns out to vanish only along thev = 0 axis for any N. The figures show that no other FP exists beside the Gaussian and the O(2N 2 ) FP's located along thev = 0 axis, and already predicted by general considerations, see the discussion at the end of Sec. 3.1. Theū-coordinate of the O(2N 2 ) FP isū * O(M ) ≈ 1.30, 1.19, 1.12, 1.06 respectively for N = 2, 3, 4, 6 (these estimates are in agreement with those that can be found in Refs. [45, 46] for the position of the FP in O(M)-symmetric theories). The curves appearing in Fig. 1 are quite robust with respect to the order of the series and to variations of the resummation parameters. None of the approximants of the series for βv, from four to six loops, shows zeroes for |v| > 0 in the region in which the resummation is still reliable, i.e. for −2 ū,v 4, which is quite a large region if compared with the location of the O(2N 2 ) FP along thev = 0 axis. We recall that the relevant region is the one with v 0 > 0 that corresponds tov > 0. Concerning the zeroes of βū(ū,v), all zeroes obtained by changing the order (from four to six loops) and by varying b and α in the above-mentioned range, lie within the width of the full lines. Moreover, perfectly consistent results have also been obtained by employing the Padé-Borel method, which assumes only Borel summability, without using the information on the position of the Borel-transform singularities. The existence of FP's outside the region where the resummation is reliable is quite unlikely.
In conclusion, we do not find evidence of new FP's. According to RG theory, this means that a consistent model for a three-dimensional continuous transition characterized by the symmetry-breaking pattern U(N) L ⊗ U(N) R → U(N) V does not exist for any N ≥ 2. Therefore, the phase transition in such systems must be a first-order one. Our results confirm and put on firmer ground earlier claims [1] based on a first-order perturbative calculation within the ǫ-expansion scheme.
The symmetry breaking Z(N )
A ⊗SU (N ) L ⊗SU (N ) R → SU (N ) V
General considerations
If the U(1) A symmetry is explicitly broken by the anomaly, the expected symmetrybreaking pattern is given by
(4.1)
The LGW theory with a complex N ×N matrix order parameter and such a breaking pattern is obtained by adding new terms to the Lagrangian L U (N ) . The most relevant one is proportional to the determinant of Φ and thus we obtain the effective threedimensional theory Here w 0 is related to the breaking of the U(1) A symmetry. For N = 1 the added term is equivalent to an external field coupled to the order parameter. Therefore, it smooths out the continuous XY transition realized in its absence, leaving us with an analytic crossover.
For N = 2 the phase diagram is more complex and is discussed in detail in the Appendix. In this case, the effective Lagrangian containing all possible interactions with at most four fields is given by
where Φ ij is a complex 2×2 matrix.
Since the Lagrangian (4.3) has two mass terms, one expects several transition lines with a multicritical point. In the case relevant for QCD the multicritical point should be identified with the U(2)⊗U(2) theory, and therefore it should correspond to w 0 = 0, x 0 = 0, y 0 = 0. As we discussed in the preceding Section, such a multicritical point corresponds to a first-order transition. Since a first-order transition is generally robust with respect to perturbations, it should persist even for a small breaking of the U(1) A symmetry. Therefore, on the basis of the analysis presented in the Appendix we expect two possible phase diagrams as a function of the temperature T and of the U(1) A breaking g, see Fig. 2 . In the bicritical case, see Fig. 2 (a) , the continuous phase transitions are associated with the symmetry-breaking pattern (4.1) which is equivalent to O(4) → O(3) [1] . Therefore, according to universality arguments, if two-flavor QCD undergoes a continuous transition, its critical behavior at T c should be that of the 3-d O(4) universality class [1, 2, 3] , which has been accurately studied in the literature, see, e.g., the recent Refs. [30, 38, 50, 51, 52] and references therein. In the tetracritical case, see Fig. 2 (b) , only two continuous transition lines are compatible with the symmetry-breaking pattern expected in QCD, those indicated with the full lines, see the discussion in the appendix. Note that the second-order lines end at particular values g tr which are tricritical points characterized by mean-field behavior with logarithmic corrections. In conclusion, the transition may be of firstorder if the U(1) A breaking is small, second-order in the opposite case, and may be of mean-field type for a very specific value of g. Of course, a specific study of QCD is needed to identify which case is effectively realized. Lattice simulations of two-flavor QCD favor a continuous transition, see, e.g., Refs. [23, 24, 25, 26, 27] , with scaling properties that are substantially consistent with the 3-d O(4) universality class. 7 In the large-N c limit, N c being the number of colors, the anomaly effects are suppressed by powers of 1/N c . Therefore, the finite-temperature transition is expected to be of first order. This picture is also supported by the fact that the finite-temperature transition in pure SU(N c ) gauge theories is of first order for N c ≥ 3 and in particular in the large-N c limit, see, e.g., Refs. [57, 58] , and the quark contributions are expected to be suppressed by a factor 1/N c for large N c . This considerations suggest that for N c ≥ N min -Monte Carlo simulations indicate N min > 3-the finite-temperature transition with two flavors changes its nature from continuous to first order.
For N = 3, the determinant is cubic in the field Φ. Usually, a cubic term drives to a first-order transition, and therefore the addition of the determinant is not expected to soften the original first-order transition to a continuous one. Lattice simulations of QCD confirm this picture, see, e.g., Refs. [18, 19, 20, 21, 22] .
For N = 4 the determinant is a quartic-order term, giving rise to a generalized LGW Φ 4 theory with three quartic parameters. The effects of the determinant in this case will be discussed more carefully in Sec. 4.2. As we shall see, the determinant does not give rise to new FP's, and therefore the phase transition remains first order also in the presence of a substantial effective breaking of the U(1) A symmetry.
Finally, for N ≥ 5 the determinant term is irrelevant because it gives rise to polynomial terms of degree higher than four. Therefore, for N ≥ 5 the nature of the transition should not change. The lattice results for N = 6 of Ref. [19] are consistent with this picture.
Fixed dimension expansion in the case N = 4
As argued above, the theory for N = 4 is the only case in which it is necessary to investigate the effect of the determinant, since no arguments exist against the possibility that such a term softens the first-order transition expected in its absence. The three-dimensional RG flow of the Lagrangian L SU (N ) for N = 4, cf. Eq. (4.2), can be studied by a straightforward extension of the calculations done for the Lagrangian L U (N ) .
Beside the renormalization conditions (3.3) and (3.4), we add a further relation
where ǫ ijkl is the completely antisymmetric tensor (ǫ 1234 = 1). We computed the perturbative expansion of correlation functions Γ (2) , Γ (4) and Γ (4) to six loops. Beside the rescaled variablesū andv, cf. Eq. (3.7) with N = 4, we introducew defined by w = 4πw/5. The corresponding β-functions are given by
The coefficients b u ijk , b v ijk , and b w ijk , with 4 ≤ i + j + k ≤ 7, are reported in the Table 3 . Note that βū and βv are even functions ofw, while βw is an odd function ofw.
We have also determined the large-order behavior of the series. Writing S(gū, gv, gw) = n s n (ū,v,w)g n , (4.8)
we found The series turn out to be Borel summable for
which is again the stability region of the quartic potential (with respect to the bare couplings u 0 , v 0 , and w 0 ). In order to resum the series of the β-functions and search for their zeroes, we applied the same method employed in Sec. 3.3. The analysis of the series clearly shows that the new β-function βw vanishes only forw = 0. As a consequence, the FP's can only lie in the planew = 0, and therefore they are those of the U(4) L ⊗ U(4) R theory, see Sec. 3.1, which are unstable. Since no stable FP is found, the phase transition is expected to be first order for any value of w 0 , and therefore also in the presence of a substantial breaking of the U(1) A symmetry.
where α, β, A, and B are real and σ are the Pauli matrices, we define two fields
Then Eq. (4.3) can be rewritten as
with
The Lagrangian (A.3) is stable for a 0 > 0, b 0 > 0, c 0 > −2 √ a 0 b 0 , and c 0 + d 0 > −2 √ a 0 b 0 . The Lagrangian (A.3) has two independent quadratic (mass) terms and thus it describes critical and multicritical transitions. It is easy to determine the phase diagram of the theory in the mean-field approximation, extending the analysis of Liu and Fisher [59] . In this case, one assumes that the basic fields are space-independent, thereby neglecting the effect of fluctuations. In this approximations two different phase diagrams are found, see Fig. 3 . In one case, there are three phases: 1) a disordered one for r 1 > 0 and r 2 > 0; 2) an ordered phase in which φ 1 = 0 and φ 2 = 0, with r 1 < 0 and r 2 > b 0 /a 0 r 1 ; 3) an ordered phase in which φ 1 = 0 and φ 2 = 0, with r 2 < 0 and r 2 < b 0 /a 0 r 1 . The multicritical point corresponds to r 1 = r 2 = 0, and, according to standard terminology, is named bicritical in this case. The phase boundaries between the disordered phase and the ordered ones correspond to second-order transitions with symmetry breaking O(4) → O(3), while the boundary r 2 = b 0 /a 0 r 1 , r 1 < 0, r 2 < 0, correspond to a first-order transition. In the second case, there are four phases: 1) a disordered one for r 1 > 0 and r 2 > 0; 2) an ordered phase in which φ 1 = 0 and φ 2 = 0, with r 1 < 0, bounded by a line depending on the quartic parameters; 3) an ordered phase in which φ 1 = 0 and φ 2 = 0, with r 2 < 0, bounded by a line depending on the quartic parameters; 4) an ordered phase in which both φ 1 = 0 and φ 2 = 0, bounded by the two lines considered above. The multicritical point corresponds to r 1 = r 2 = 0, and is called tetracritical. The phase boundaries always correspond to second-order transitions.
The nature of the phase diagram depends on the values of the quartic parameters. The multicritical point is bicritical for c 0 > 2 √ a 0 b 0 and c 0 + d 0 > 2 √ a 0 b 0 . In all other cases it is tetracritical. In the tetracritical case, it is of interest to understand the symmetry breaking observed at each transition. The transitions between the disordered phase and the ordered ones always correspond to the breaking O(4) → O(3). On the other hand, the transition lines bounding region 4 may correspond to different symmetry-breaking patterns. If d 0 < 0 and −2 √ a 0 b 0 < c 0 + d 0 < 2 √ a 0 b 0 , in phase 4 φ 1 and φ 2 are parallel. Therefore, on the boundaries there is no symmetry reduction. On the other hand, if d 0 > 0 and −2 √ a 0 b 0 < c 0 < 2 √ a 0 b 0 in phase 4 φ 1 and φ 2 are orthogonal. Therefore, at the transition one observes the symmetry breaking pattern O(3) → O(2).
Finally, let us discuss the phase diagram predicted by mean-field theory in the limit in which the effective breaking of U(1) A is small. If g parametrizes this breaking, then c 0 = 3u 0 + 9 2 v 0 + O(g), d 0 = −3v 0 + O(g), and √ a 0 b 0 = 3 2 (u 0 + v 0 /2) + O(g), so that c 0 + d 0 = 2 √ a 0 b 0 + O(g). Using the results reported above, we obtain that for v 0 > 0, i.e. d 0 < 0, the phase diagram is bicritical or tetracritical depending on the sign of the corrections proportional to g. Instead, for v 0 < 0, i.e. d 0 > 0, the phase diagram is tetracritical. We recall that the case relevant for QCD should be that with v 0 > 0, because only in this case the symmetry breaking U(2) ⊗ U(2) → U(2) is realized for g = 0.
The results we have obtained above in the mean-field approximation may change when we take into account fluctuations. As discussed in Ref. [10] , fluctuations change the phase boundaries that are now generic curves which meet tangentially at the multicritical point. It is also possible that some of the transitions become of first order. This should happen in the case of interest of QCD. If g is the anomalous breaking of the axial U(1) symmetry, we know that for g = 0 the transition is of first order. Moreover, g = 0 should be the multicritical point, even in the presence of fluctuations, since such a point has a larger symmetry group. Since a first-order transition is generally robust under perturbations, the transition should maintain its first-order nature also for sufficiently small values of |g|, therefore the transition lines ending at the multicritical point are expected to be of first order sufficiently close to it. Possible phase diagrams are sketched in Fig. 2 .
